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INTRODUCTION

• Interpolation is a method of estimating the intermediate values between precise data

points. The most common method used for this purpose is polynomial interpolation. 

• The basis of all interpolation algorithms is the fitting of some type of curve or function 

to a subset of the tabular data.

• Thus, we first fit a function that exactly passes through the given data points and than 

evaluate intermediate values using this function.

a) first-order (linear) connecting two 
points, 

b) second-order (quadratic or 
parabolic) connecting three 
points, and 

c) third-order (cubic) connecting 
four points.



NEWTON’S DIVIDED-DIFFERENCE 
INTERPOLATING POLYNOMIALS

There are a variety of alternative forms for expressing an interpolating polynomial. 

Newton’s divided-difference interpolating polynomial is among the most popular 

and useful forms. Before presenting the general equation, we will introduce the 

first- and second-order versions



Linear Interpolation

The simplest form of interpolation is to connect two data points with a straight line. 
This technique, called linear interpolation, 

From similar triangles,

linear-
interpolation 
formula

The slope of the line connecting the points, the term 
[f(x1) − f(x0)]∕(x1 − x0) is a finite-divided-difference
approximation of the first derivative







Quadratic Interpolation

If three data points are available to find desired point, this can be accomplished with a 
second-order polynomial (also called a quadratic polynomial, or a parabola).

• Given: (x0, y0) , (x1, y1) and (x2, y2)
• A parabola passes from these three points. 
• Similar to the linear case, the equation of this 

parabola can be written as

A simple procedure can be used to determine the values of the 
coefficients. For b0, Eq. (18.3) with x = x0 can be used to 
compute



Quadratic Interpolation

A simple procedure can be used to determine the values of the coefficients. 
For b0, x = x0 can be used to compute

at x = x1

at x = x2







General Form of Newton’s Interpolating Polynomials

The preceding analysis can be generalized to fit an nth-order polynomial to n + 1 data 
points. The nth-order polynomial is

where the bracketed function evaluations are 
finite divided differences.



first finite divided difference

second finite divided difference

nth finite divided difference

These differences can be used to evaluate the coefficients b



Newton’s divided-difference interpolating polynomial.

Graphical depiction of the recursive nature of finite divided differences.













Finite Divided Difference (FDD) Table

Finite divided differences used in the Newton’s Interpolating Polynomials can be 
presented in a table form. This makes the calculations much simpler.







Errors of Newton’s Interpolating Polynomials



LAGRANGE INTERPOLATING POLYNOMIALS

The Lagrange interpolating polynomial is simply a reformulation of the Newton 
polynomial that avoids the computation of divided differences. It can be represented 
concisely as 

where Langrange function is:

and Π designates the “product of.”



For example, the linear version (n = 1) is

and the second-order version is 





SPLINE INTERPOLATION
• We learned how to interpolate between n+1 data points using nth order polynomials.
• For high number of data points (typically n > 6 or 7), high order polynomials are 

necessary, but sometimes they suffer from oscillatory behavior.

• Instead of using a single high order polynomial that passes through all data points, we 
can use different lower order polynomials between each data pair.

• These lower order polynomials that pass through only two points are called splines.
• Third order (cubic) splines are the most preferred ones.



Linear Splines

The notation used for splines



Linear Splines

• For n data points (i = 1, 2, . . . , n), there are n − 1 intervals. Each interval i has its 
own spline function, si(x). 

• For linear splines, each function is merely the straight line connecting the two 
points at each end of the interval, which is formulated as

where ai is the intercept, which is defined as ai =  fi = f (xi )

and bi is the slope of the straight line connecting the points

These equations can be used to evaluate the function at any point between x1 and xn
 

by first locating the interval within which the point lies.



Problem Statement. Fit the data in Table 18.1 with first-order splines. Evaluate the
function at x = 5.



For example, for the second interval from x = 4.5 to x = 7, the function is

Solution.



Quadratic Splines

• To ensure that the nth derivatives are continuous at the knots, a spline of at least 
n + 1 order must be used. 

• Third-order polynomials or cubic splines that ensure continuous first and second 
derivatives are most frequently used in practice. 

• The objective in quadratic splines is to derive a second-order polynomial for each 
interval between data points.

For n data points (i = 1, 2, . . . , n), there are n − 1 intervals and, consequently, 3(n − 1) 
unknown constants (the a’s, b’s, and c’s) to evaluate. Therefore, 3(n − 1) equations or 
conditions are required to evaluate the unknowns. 





Problem Statement. Fit quadratic splines to the same data employed in previous
example (Table 18.1). Use the results to estimate the value of the function at x = 5.









Cubic Splines

• Cubic splines are most frequently used in practice.
• Cubic splines are preferred because they provide the simplest representation that  

exhibits the desired appearance of smoothness.
• The objective with cubic splines is to derive a third-order polynomial for each 

interval between knots as represented generally by

Thus, for n data points (i = 1, 2, . . . , n), there are n − 1 intervals and 4(n − 1) 
unknown coefficients to evaluate. 
Consequently, 4(n − 1) conditions are required for their evaluation.



The final equations can now be written in matrix form as



Problem Statement. Fit cubic splines to the same data used in previous examples 
(Table 18.1). Utilize the results to estimate the value of the function at x = 5. 



Solution. The first step is to generate the set of simultaneous equations that will be 
utilized to determine the c coefficients:

The necessary function and interval width values are 



Compute the b’s and d’s:



The three equations can then be employed to compute values within each interval. For 
example, the value at x = 5, which falls within the second interval, is calculated as
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