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Article 2/7  Rectangular Components (3D)

• Illustration and Equations of Interest



Article 2/7 – Rectangular Components (cont.)

• Magnitude and Direction Format
• F = Fnf where nf is a unit vector in the direction of F.

• nf = cos θxi + cos θyj + cos θzk

• Direction Cosine Format

• F = Fnf = F(li + mj + nk)

• l = cos θx

• m = cos θy

• n = cos θz

• l2 + m2 + n2 =1



Article 2/7 – Writing Vector Components (1 of 2)

• Specification by two points on the line of action of the force.



Article 2/7 – Writing Vector Components (2 of 2)

• Specification by two angles which orient the line of action of the force.

• Horizontal and Vertical Components

• x- and y-Components

• Other Combinations of Angles



Article 2/7 – The Dot Product

• Definitions and Illustration
• P·Q = Q·P = PQ cos θ

• θ = cos-1(P·Q /PQ)

• Mathematical Features of the Dot Product



Article 2/7 – Finding Projections of Forces onto Lines

• Scalar Projection of a Force onto a line, Fn

1. Write the force as a vector.

2. Write a unit vector in the direction of the line.

3. Dot the force vector with the unit vector.

• Vector Projection of a Force, Fn

1. Write the scalar projection of the force onto the line.

2. Multiply the scalar projection by the unit vector for the line.



Article 2/7 – Finding the Angle between Two Vectors

• Dot Product Reminder

• P·Q = Q·P = PQ cos α

• α = cos-1(P·Q /PQ)

• Solution Steps
1. Write each vector.

2. Take a dot product between the vectors.

3. Divide the dot product by the product of the magnitudes of the vectors.

4. Take the inverse cosine of this ratio.

• This process is more easily carried out with unit vectors.



Article 2/7 – Sample Problem 2/10 (1 of 4)

• Problem Statement
A force F with a magnitude of 100 N is applied at the origin O of the axes x-y-z as shown. The
line of action of F passes through a point A whose coordinates are 3 m, 4 m, and 5 m. Determine
(a) the x, y, and z scalar components of F, (b) the projection Fxy of F on the x-y plane, and (c) the
projection FOB of F along the line OB.



Article 2/7 – Sample Problem 2/10 (2 of 4)

• Scalar Components of F



Article 2/7 – Sample Problem 2/10 (3 of 4)

• Projection of F into the x-y Plane



Article 2/7 – Sample Problem 2/10 (4 of 4)

• Projection of F onto Line OB



Article 2/8  Moment and Couple (3D)

• Moments in Three Dimensions
• Operate Identically to Moments in Two Dimensions

• More Complicated to Visualize

• Scalar Approach:  MO = Fd
• More Difficult to Accomplish

• Lacks Sign Information

• Vector Approach:  MO = r × F

• Easy to Compute

• Sign Information is Included Automatically



Article 2/8 – Right-Hand Rule Reminder

• Direction and Sense of the Moment
• Established by Right-Hand Rule

• Perpendicular to the Plane which Contains r and F

• Cross Product Order is Essential



Article 2/8 – Cross Products (1 of 2)

• Definitions and Illustration

• Mathematical Features of the Cross Product



Article 2/8 – Cross Products (2 of 2)

• Calculation via Determinant



Article 2/8 – Moment made by a General Force

• Vector Components of MO = r × F

• Scalar Components



Article 2/8 – Moment about an Arbitrary Axis 

• Illustration

• Scalar Expression of the Moment about an Axis, Mλ

1. Write the force as a vector.

2. Write a position vector from any point on the axis to any 
point on the line of action of the force.

3. Compute the moment of the force about the point.

4. Write a unit vector in the direction of the axis.

• Vector Expression of the Moment about an Axis, Mλ

1. Write the scalar expression of the moment about the axis.

2. Multiply the scalar expression of the moment about the 
axis by the unit vector in the direction of the axis.



Article 2/8 – Varignon’s Theorem in Three Dimensions

• Illustration

• Mathematics



Article 2/8 – Couples in Three Dimensions (1 of 3)

• Illustration

• Mathematics
MO = rA × F + rB × (-F) = (rA - rB) × F = r × F

• Comments about Couples
• Couples are free vectors.

• You can simply compute the moment of one of the forces about any point on the line of action 
of the other force.

• Couple vectors obey all of the corresponding mathematical rules which govern vector 
quantities.



Article 2/8 – Couples in Three Dimensions (2 of 3)

• Adding Couples
• Couples add with the Parallelogram Rule of Vector Addition



Article 2/8 – Force-Couple Systems

• Illustration of the Process

• Steps to Create a Force-Couple System
1. Write the force as a vector.

2. Compute the moment or couple which the force creates about the point.

3. Redraw the force acting at the new location.

4. Sketch the couple acting at the new location.

• Important Reminder
• As with two-dimensional force-couple systems, the force-couple system has 

the same effect on the body which the original force had.  It is simply a 
different way to visualize the effect of the force acting at a new location.



Article 2/8 – Sample Problem 2/11 (1 of 2)

• Problem Statement
Determine the moment of force F about point O (a) by inspection and (b) by the formal cross-
product definition MO = r × F.



Article 2/8 – Sample Problem 2/11 (2 of 2)

• Solution by Inspection

• Solution by Cross Product



Article 2/8 – Sample Problem 2/12 (1 of 2)

• Problem Statement
The turnbuckle is tightened until the tension in cable AB is 2.4 kN. Determine the moment about
point O of the cable force acting on point A and the magnitude of this moment.



Article 2/8 – Sample Problem 2/12 (2 of 2)

• Tension Vector

• Moment about Point O

• Magnitude of the Moment



Article 2/8 – Sample Problem 2/13 (1 of 4)

• Problem Statement
A tension T of magnitude 10 kN is applied to the cable attached to the top A of the rigid mast and
secured to the ground at B. Determine the moment Mz of T about the z-axis passing through the
base O.



Article 2/8 – Sample Problem 2/13 (2 of 4)

• Tension Vector

• Solution 1 – Cross Product



Article 2/8 – Sample Problem 2/13 (3 of 4)

• Solution 2 – Two Scalar Components



Article 2/8 – Sample Problem 2/13 (4 of 4)

• Solution 3 – Three Scalar Components
By inspection, only Tx makes a moment about point O.  The y-component

Intersects point O and the z-component is parallel to the z-axis.

From before, Tx = 10(0.566) = 5.66 kN.

Therefore…



Article 2/8 – Sample Problem 2/14 (1 of 2)

• Problem Statement
Determine the magnitude and direction of the couple M which will replace the two given
couples and still produce the same external effect on the block. Specify the two forces F and -F,
applied in the two faces of the block parallel to the y-z plane, which may replace the four given
forces. The 30-N forces act parallel to the y-z plane.



Article 2/8 – Sample Problem 2/14 (2 of 2)

• Solution



Article 2/8 – Sample Problem 2/15 (1 of 2)

• Problem Statement
A force of 40 lb is applied at A to the handle of the control lever which is attached to the fixed
shaft OB. In determining the effect of the force on the shaft at a cross section such as that at O,
we may replace the force by an equivalent force at O and a couple. Describe this couple as a
vector M.



Article 2/8 – Sample Problem 2/15 (2 of 2)

• Solution



Article 2/9  Resultants (3D)

• Illustration

• Equations of Interest



Article 2/9 – Types of Force Systems (1 of 2)

• Concurrent Forces
• Because the forces are concurrent, there are no moments about the point of 

concurrency.

• R = ΣF

• Coplanar Forces

• Article 2/6 was devoted to this force system.



Article 2/9 – Types of Force Systems (2 of 2)

• Parallel Forces not in the Same Plane
• Because the forces are parallel, the moment they produce about any point will 

be perpendicular to the line of action of the resultant.

• Calculation Steps
1. Find the resultant, R = ΣF

2. Find the couple at the point, MO = ΣMO (from all forces or applied couples)

3. Write a position vector r from the force-couple reference point to any point 
on the line of action of the resultant R.  Typically, the point will be specified 
in one of the three coordinate-axis planes.
a. For a point in the x-y plane r = xi + yj

b. For a point in the x-z plane, r = xi + zk

c. For a point in the y-z plane, r = yj + zk

4. Solve the equation r × R = MO



Article 2/9 – Wrench Resultants (1 of 4)

• Occurrence and Illustration
• Wrenches occur for a system of forces which are not parallel or concurrent. In this case, the

resultant couple vector, MO, will have a component that is parallel to the resultant force R.
The resultant R is not able to produce this component of the moment regardless of its position
relative to the force-couple system reference point.

• The simplified force system will consist of two pieces.

• A resultant R which equals the vector sum of all forces, and is positioned such that it can produce 
the part of the resultant couple vector which is perpendicular to its line of action.

• A wrench moment M which is equal to the part of the resultant couple vector which is parallel to 
the line of action of the resultant R.  



Article 2/9 – Wrench Resultants (2 of 4)

• General Force-Couple System

• Components of the Resultant Couple Vector

• M1 is Parallel to R

• M2 is Perpendicular to R



Article 2/9 – Wrench Resultants (3 of 4)

• Relocation of the Resultant by a Couple
• R is moved a distance d from the reference point.

• Rd = M2

• Final Wrench Resultant

• Force Resultant is Preserved

• Moment Resultant is Preserved

• M1 is Simply Added

• R will Produce M2

• MO = M1 + M2



Article 2/9 – Wrench Resultants (4 of 4)

• Calculation Steps
1. Find the resultant, R = ΣF

2. Find the couple at the point, MO = ΣMO (from all forces or applied couples)

3. Find the wrench moment, M1

a. Write a unit vector n in the direction of the resultant R, n = R/R

b. Take a Dot Product to find the scalar portion of MO in the direction of R, M1 = MO·n

c. The algebraic sign of M1 will tell you if the wrench is in the positive or negative sense.

d. Write the wrench-moment vector, M1 = M1n

4. Write a position vector r from the force-couple reference point to any point on 
the line of action of the resultant R.  Typically, the point will be specified in one 
of the three coordinate-axis planes.

a. For a point in the x-y plane r = xi + yj

b. For a point in the x-z plane, r = xi + zk

c. For a point in the y-z plane, r = yj + zk

5. Solve the equation r × R + M1 = MO



Article 2/9 – Sample Problem 2/16 (1 of 2)

• Problem Statement
Determine the resultant of the force and couple system which acts on the rectangular solid.



Article 2/9 – Sample Problem 2/16 (2 of 2)

• Solution



Article 2/9 – Sample Problem 2/17 (1 of 2)

• Problem Statement
Determine the resultant of the system of parallel forces which act on the plate. Solve with a 
vector approach.



Article 2/9 – Sample Problem 2/17 (2 of 2)

• Solution



Article 2/9 – Sample Problem 2/18 (1 of 4)

• Problem Statement
Replace the two forces and the negative wrench by a single force R applied at A and the
corresponding couple M.



Article 2/9 – Sample Problem 2/18 (2 of 4)

• Force Resultant

• Couple from the 500-N Force



Article 2/9 – Sample Problem 2/18 (3 of 4)

• Couple from the 600-N Force

• Couple from the 700-N Force



Article 2/9 – Sample Problem 2/18 (4 of 4)

• Couple from the Wrench Moment

• Resultant Couple at A



Article 2/9 – Sample Problem 2/19 (1 of 3)

• Problem Statement
Determine the wrench resultant of the three forces acting on the bracket. Calculate the
coordinates of the point P in the x-y plane through which the resultant force of the wrench acts.
Also find the magnitude of the couple M of the wrench.



Article 2/9 – Sample Problem 2/19 (2 of 3)

• Resultant Force

• Moment about P



Article 2/9 – Sample Problem 2/19 (3 of 3)

• Final Solution


