


Introduction

e Optimization is concerned with finding the design point that minimizes
(or maximizes) an objective function.

* Knowing how the value of a function changes as its input is varied is
useful because it tells us in which direction we can move to improve on
previous points.

* The change in the value of the function is measured by the derivative in
one dimension and the gradient in multiple dimensions.

* In this lecture, we will briefly review some essential elements from
calculus.



Derivatives

» The derivative f '(x) of a function f
of a single variable x is the rate at
which the value of f changes at x. It
is often visualized using the
tangent line to the graph of the
function at x as shown in figure.
The value of the derivative equals
the slope of the tangent line.
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Derivatives

* We can use the derivative to provide a linear approximation of the
function near x:

f(x +Bx) ~ f(x) + f/(x)Ax

* The derivative is the ratio between the change in f and the change in x
at the point x:

fla) = 212




Derivatives

* f’(x) is the change in f (x) divided by the change in x as the step becomes
infinitesimally small as illustrated by figure.

h h h

The tangent line is obtained by joining points with sufficiently small step differences.
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Derivatives

* The notation f'(x) can be attributed to Lagrange. We also use the notation

created by Leibniz,
_ df(x)

fix) = =—

which emphasizes the fact that the derivative is the ratio of the change in f
to the change in x at the point x.




Derivatives

* The limit equation defining the derivative can be presented in three
different ways: the forward difference, the central difference, and the
backward difference. Each method uses an infinitely small step size h:

h) — “ h/2) — —h/2 — —h
£(x) = lim flx+h) —flx) _ . fx+h/2) = flx—h/2) . f(x)=flx—h)
' h—0 h  hoo h - h=0 h )

forward Hiffe rence central JEHE'J:'E‘I'IE-E bac m'ardﬂglifference

e If f can be represented symbolically, symbolic differentiation can often
provide an exact analytic expression for f ' by applying derivative rules from
calculus. The analytic expression can then be evaluated at any point x.



Derivatives in Multiple Dimensions

* The gradient is the generalization of the derivative to
multivariate functions. It captures the local slope of the
function, allowing us to predict the effect of taking a small
step from a point in any direction.

* Recall that the derivative is the slope of the tangent line.
The gradient points in the direction of steepest ascent of
the tangent hyperplane as shown in figure.

* A hyperplane in an n-dimensional space is the set of points
that satisfies

WIX1+:---+wnxn=>b

for some vector w and scalar b. A hyperplane hasn -1
dimensions.
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Gradient Vector

* The gradient of f at x is written Vf (x) and is a vector. Each component of
that vector is the partial derivative of f with respect to that component:

V) = (4R, Y 2/

dx1 ’ i dXy,

* We use the convention that vectors written with commas are column
vectors. For example, we have [a, b, c] = [a b ¢]T. Example shows how to
compute the gradient of a function at a particular point.

Compute the gradient of f(x) = x1sin(x2) +1atc = [2,0].
Fx) = xqsin(xg) + 1
VF0) = |5L 5L | = finea), 1 cos(ao)
V£(c) = [0,2



Hessian Matrix

* The Hessian of a multivariate function is a matrix containing all of the
second derivatives with respect to the input. The second derivatives
capture information about the local curvature of the function.

V2£(x) =

———
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Directional Derivative

» The directional derivative Vs f (x) of a multivariate function f is the
instantaneous rate of change of f (x) as x is moved with velocity s. The
definition is closely related to the definition of a derivative of a univariate
function:

, x + hs) — f(x . flx+hs/2)— f(x—hs/2) ..  f(x)— f(x—hs)
el S o ; =

J/ o
~
- -

forward difference central difference backward difference

* The directional derivative can be computed using the gradient of the

function: B
Vof(x) = VF(x)Ts

7
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Directional Derivative

* The directional derivative is highest in the gradient
direction, and it is lowest in the direction opposite the
gradient. This directional dependence arises from the dot
product in the directional derivative’s definition and from
the fact that the gradient is a local tangent hyperplane.
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Directional Derivative

e Another way to compute the directional derivative Vs f (x) is to define

g(a) = f (x + as) and then compute g'(0), as illustrated in example.

We wish to compute the directional derivative of f(x) = x1xp atx = [1,0] in
the direction s = [-1, —1]:

Vi) =[5 3] =kl 1f(e)
Vaf() = Vf()Ts=[o 1] [j] = =

We can also compute the directional derivative as follows:
g(a) = f(x+as) = (1—a)(—a) =a’ —«a
¢ (a) =2a —1
g'(0) =1

|_I.
/ =]
i
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Numerical Differentiation

* The process of estimating derivatives numerically is referred to as
numerical differentiation. Estimates can be derived in different ways from
function evaluations.

* Finite Difference Methods

* Complex Step Method
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Finite Difference Methods

* As the name implies, finite difference methods compute the difference
between two values that differ by a finite step size. They approximate the
derivative definitions in equation using small differences:

7(x) flx + h) —f{;‘h] flx+h/2)—f(x—h/2) f(x)—f(x—h)
g ’ h h = h

"'-u_..v.—-"' . . —

forward difference central difference backward difference

* Mathematically, the smaller the step size h, the better the derivative
estimate. Practically, values for h that are too small can result in numerical
cancellation errors. This effect is shown later.
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Finite Difference Methods

* The finite difference methods can be derived using the Taylor expansion.
We will derive the forward difference derivative estimate, beginning with
the Taylor expansion of f about x:

Fx+h) = f(x) + f/f,x)h + f”z(,x)# . f”;('x)h3 +--

We can rearrange and solve for the first derivative:
) fX)s

fllx)h=f(x+h)— f(x) TR 3
Fath) —fx) _f'@),  f'(),s

h 21 3t
flx+h)— f(x)

h 16

fl(x) =

fl(x) =




Finite Difference Methods

®Error Analysis
» Forward Difference: O(h)

o Central Difference: O(h?)
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The forward difference approximates the true derivative for Sma_ll h Wll‘h

error dependent on f—é—}h + f—";!x—}hg -+ - This error term is O(h ), meaning the
forward difference has linear error as i approaches zero.

The central difference method has an error term of O(h?). We can derive
this error term using the Taylor expansion. The Taylor expansions about x for

f(x +h/2) and f(x — h/2) are:
Flesr) = 5+ £l + LD (B) L LW (1)
Flx—1/2) = () — f/(x)5 + ﬂ@)g—m(ﬁ)3+---

2! 3! 2

Subtracting these expansions produces:

3
fle+h/2) = f(x=h/2) = 2f () + 3:"(0) (5 )
We rearrange to obtain:

v flx+h/2)—f(x—h/2)  f"(x)h?

which shows that the approximation has quadratic error.
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Complex Step Methods

* We often run into the problem of needing to choose a step size h small
enough to provide a good approximation but not too small so as to lead to
numerical subtractive cancellation issues.

* The complex step method bypasses the effect of subtractive cancellation by
using a single function evaluation.

* We evaluate the function once after taking a step in the imaginary
direction.



/ :
Complex Step Methods

® Taylor series expansion using imaginary step is

o e L

3!
* Taking only the imaginary component of each side produces a derivative
approximation:
I -+ 1)) = () — 0L
= f'(x) = [m{f(:;ﬁh}) +h3ﬁ;(!xj L

_ Im{f(1+ ) L 0?) ash — 0




Complex Step Methods

e The real part approximates f (x) to within O(h?) ash — o:

Re(f (x +ih)) = £(x) -2 4

= f(x) = Re(f(x + ih)) +hzf"’2ff) .

* Thus, we can evaluate both f (x) and f '(x) using a single evaluation of f
with complex arguments.
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Complex Step Methods

* Example shows the calculations involved for estimating the derivative of a
function at a particular point.

Consider f(x) = sin(x?). The function value at x = 77/2 is approximately
0.624266 and the derivative is 77 cos(m?/4) ~ —2.45425. We can arrive at
this using the complex step method:

{f—x[sin[xzjj =2X cns[x‘:"j
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Numerical Differentiation Error Comparison

* Figure compares the numerical error of the complex step method to the
forward and central difference methods as the step size is varied.

2 complex
10° n forward
central
_1 -
x 10
&
3]
]
s [
3]
e
3
=] —9 |
= 10~°
2]
)
10—13 | = =i}
-17 |-
10 | | | | | !

|
V2 2000 1 g o [ o [ T8 1073 10°
step size h

23



|

Automatic Differentiation

* This section introduces algorithms for the numeric evaluation of
derivatives of functions specified by a computer program. Key to these
automatic differentiation techniques is the application of the chain rule:

FE®) = Z(fog)) = LE

* A program is composed of elementary operations like addition,
subtraction, multiplication, and division.
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Automatic Differentiation

* Consider the function f (a, b) = In(ab + max(a, 2)). If we want to compute
the partial derivative with respect to a at a point, we need to apply the
chain rule several times:

% - % ]n[:ﬂh —[—max(a! ZD itmaxtﬂ, 2)) = {[1} Eii
= ! 0 (ab + max(a, 2))
ab + max(a, 2) da ’
_ 1 [ d(ab) N amax(a,i)]
ab 4+ max(a,2) | oJa da
1 [/ da  ob a2 Sa
~ ab + max(a, 2) _(bﬁ T aa) + ({2 = H}E + (2 < H)E)]
1

~ ab+ max(a, 2) b+ (2 <a)
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Automatic Differentiation

* This process can be automated through the use of a computational graph. A
computational graph represents a function where the nodes are operations
and the edges are input-output relations. The leaf nodes of a computational
graph are input variables or constants, and terminal nodes are values output
by the function. A computational graph for In(ab + max(a, 2)) is shown in
figure. ;

>®7C1
=
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Automatic Differentiation

® There are two methods for automatically differentiating f using its
computational graph.

* The forward accumulation method used by dual numbers traverses the tree from
Inputs to outputs.

» The reverse accumulation requires a backwards pass through the graph.

27
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Forward Accumulation

* Forward accumulation will automatically differentiate a function using a
single forward pass through the function’s computational graph. The
method is equivalent to iteratively expanding the chain rule of the inner
operation:

df df dey  df (dcydes\  df (dey (desder N dcs deq
dx  dcy dx  dcg \dcs dx /] decg \ des \ des dx  dcq dx
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Forward Accumulation

* To illustrate forward accumulation, we apply it to the example function
f (a, b) = In(ab + max(a, 2)) to calculate the partial derivativeata =3, b =2
with respect to a.

b f(a,b) = In( ab 4+ max(a, 2))
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Forward Accumulation

* The procedure starts at the graph’s source nodes consisting of the function
inputs and any constant values. For each of these nodes, we note both the value
and the partial derivative with respect to our target variable, as shown in figure.

b=
- f(a,b) = In( ab + max(a, 2))

. Cq

d=3
da
a Co




~ Forward Accumulation- s

* Next we proceed down the tree, one node at a time, choosing as our next node one whose inputs
have already been computed. We can compute the value by passing through the previous nodes’
values, and we can compute the local partial derivative with respect to a using both the previous
nodes’ values and their partial derivatives. The calculations are shown in figure.

Z?:Z b =g XD =0

b= Clzba+ab:2 C4:1nC3:1n9
—C3/C3—§

d="

2 e C4

@ cz=c1+cp=9
= =3
€ = max(a,Z) =3 G4 o

2 - 0 if2>a _
- f(a,b) = In(ab + max(a, 2))

\




Forward Accumulation

* We end up with the correct result, f (3, 2) = In g and 0 f /da = 1/3. This was done
using one pass through the computational graph.

* This process can be conveniently automated by a computer using a
programming language which has overridden each operation to produce both
the value and its derivative. Such pairs are called dual numbers.

® Dual numbers can be expressed mathematically by including the abstract
quantity €, where € is defined to be o. Like a complex number, a dual number is
written a + be where a and b are both real values. We have:

(a+be)+(c+de)=(a+c)+(b+d)e
(a + be) X (c+de) = (ac) + (ad + bc)e
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Forward Accumulation

In fact, by passing a dual number into any smooth function f, we get the evaluation

and its derivative. We can show this using the Taylor series:

flo) = 3 W gy

k=0
f (ﬂ)

fla+be) = Z (a + be — a)*

(k) ( 2k ek
Zf (}b

_ , 2 0@ i
= fla) + b (@)e-+ e 3 T et
~ f(a) +bf (a)e
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Reverse Accumulation

* Forward accumulation requires n passes in order to compute an n-
dimensional gradient.

® Reverse accumulation requires only a single run in order to compute a
complete gradient but requires two passes through the graph: a forward
pass during which necessary intermediate values are computed and a
backward pass which computes the gradient.

* Reverse accumulation is often preferred over forward accumulation when
gradients are needed, though care must be taken on memory constrained
systems when the computational graph is very large.
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Reverse Accumulation

* Like forward accumulation, reverse accumulation will compute the partial
derivative with respect to the chosen target variable but iteratively
substitutes the outer function instead:

df o Eff dC;} o Iif dﬂg dﬂq o r.'if ti:‘:;_l n df dﬂfl r;iti‘g d£'4
dx  decqg dx  \dcydey ) dx dcp dey  deydes / dey /) dx

* This process is the reverse pass, the evaluation of which requires
intermediate values that are obtained during a forward pass.
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Reverse Accumulation

* Reverse accumulation can be implemented through operation overloading
in a similar manner to the way dual numbers are used to implement
forward accumulation.

* Two functions must be implemented for each fundamental operation: a
forward operation that overloads the operation to store local gradient
information during the forward pass and a backward operation that uses
the information to propagate the gradient backwards.

36



Summary

® Derivatives are useful in optimization because they provide information
about how to change a given point in order to improve the objective
function

® For multivariate functions, various derivative-based concepts are useful for
directing the search for an optimum, including the gradient, the Hessian,
and the directional derivative

® One approach to numerical differentiation includes finite difference
approximations
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Summary

* Complex step method can eliminate the effect of subtractive cancellation
error when taking small steps, resulting in high quality gradient estimates.

* Analytic differentiation methods include forward and reverse accumulation
on computational graphs
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