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Constraints

* Previous chapters have focused on unconstrained problems where the
domain of each design variable is the space of real numbers.

* Many problems are constrained, which forces design points to satisty
certain conditions.

» This lecture presents a variety of approaches for transforming problems
with constraints into problems without constraints, thereby permitting
the use of the optimization algorithms we have already discussed.

* Analytical methods are also discussed, including the concepts of duality
and the necessary conditions for optimality under constrained
optimization.



Constrained Optimization

* Minimizing an objective subject to design point restrictions
called constraints

e A variety of techniques transform constrained optimization
problems into unconstrained problems

* New optimization problem statement

minimize  f(x)
X

subjectto x &€ X

o The set X is called the feasible set. In constrained problems, the
feasible set is some subset thereof.



Constrained Optimization

* Some constraints are simply upper or
lower bounds on the design variables, as
we have seen in bracketed line search,
in which x must lie between a and b.

* A bracketing constraint x € [a, b] can be
replaced by two inequality constraints:

a < xand x < b as shown in figure.

minimize flx)
. 1A

subject to  x £ [a, b|
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Constrained Optimization

* In multivariate problems, bracketing
the input variables forces them to lie
within a hyperrectangle as shown in
figure.
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Constrained Optimization

* Constraints arise naturally when formulating real problems.

* A hedge fund manager cannot sell more stock than they have, an
airplane cannot have wings with zero thickness, and the number of
hours you spend per week on your homework cannot exceed 168.

* We include constraints in such problems to prevent the optimization
algorithm from suggesting an infeasible solution.



Constrained Optimization

* Applying constraints to a problem can affect the solution, but this need
not be the case as shown in figure.

Unconstrained Constrained, Same Solution Constrained, New Solution
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Constraint Types

* Generally, constraints are formulated using two types
1. Equality constraints: h(x) =0

2. Inequality constraints:  §(x) <0

* Any optimization problem can be written as

minimize f(x)
X

subjectto h;(x) =0 forall iin {1,...,¢}
gi(x) <0 forall jin{1,...,m}
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Transformations to Remove Constraints

* If necessary, some problems can be reformulated to incorporate
constraints into the objective function
\
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e If x is constrained betweena and b b
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Consider the optimization problem

minimize  xsin(x)
X

subjectte 2<x <6

Example demonstrates this process. We can transform the problem to remove the constraints:
minimize }26(%) sin(ty6(2))
OO : _ e 2%
minimize xsin(x) minimize (4+2(1+f1)) mn(4+2(1+11))
X
SUbjeCt to 2 S X S 6 We can use the optimization method of our choice to solve the uncon-

strained problem. In doing so, we find two minima: £ = 0242 and & == 4.139,
both of which have a function value of approximately —4.814.

f(x) = xsin(x) (foTs)(x)
minimize toe(Z)sin(to6(1)) . . T . .
X
2T oy
minimize 442 - sin{ 4+ 2 -
& + 72 1+ 22

The solution for the original problem is obtained by passing i through
the transform. Both values of £ produce x = ty (%) == 4.914.



Transformations to Remove Constraints

* Some equality constraints can be used to solve for xa given xi, . . . , Xn-.

* In other words, if we know the first n -1 components of x, we can use
the constraint equation to obtain Xa.

* In such cases, the optimization problem can be reformulated overx, . .
., Xnminstead, removing the constraint and removing one design
variable.



Example demonstrates this process.

Consider the constraint:
hix) =xi+xi+---+x5-1=0

We can solve for xn using the first n — 1 variables:

tw =y [1-x] 2+ 422

minimize flx)

subject to  h(x) =10

into

minimize f([rl,...,xn_-l,:t\/l —rf-l—.r%+f,.+r§_l])

I]r“.l:l—'l

12



————

Lagrange Multipliers

* The method of Lagrange multipliers is used to optimize a function subject
to equality constraints.

* Consider an optimization problem with a single equality constraint:

minimize f(x)
X

subject to h(x) =0

where f and h have continuous partial derivatives.



W such a
problem.

* Intuitively, the method of
Lagrange multipliers finds the
point x* where the constraint
function is orthogonal to the
gradient.

X2

N

Consider the minimization problem:

N - 3 3\2
finiize — EXpj — 1111—5 —(x2—3)
subject to x —x5=0

We substitute the constraint x; = x3 into the objective function to obtain

an unconstrained objective:

;33\’ 33
_func=—exp(—(xi—;) - (Iz—;))

w hose derivative is:

J 3\’ NN/, 3, 1 1
— fun-f—f“’ﬂp( (3—5) —(IE—E))(IE—EI%+§H—E)

Setting the derivative to zero and solving for x; yields x; = 1.165. The
solution to the original optimization problem is thus x* = [1.358, 1.165]. The
optimum lies where the contour line of f is aligned with h.

If the point x* optimizes f along h, then its directional derivative at x*
along h must be zero. That is, small shifts of x* along h cannot result in an
improvement.

The contour lines of f are lines of constant f. Thus, if a contour line of f
is tangent to h, then the directional derivative of h at that point, along the
direction of the contour h(x) = 0, must be zero.



~“Lagrange Multipliers

* The method of Lagrange multipliers is used to compute where a contour
line of f is aligned with the contour line of h(x) = 0.

* Since the gradient of a function at a point is perpendicular to the contour
line of that function through that point, we know the gradient of h will be
perpendicular to the contour line h(x) = 0.

* Hence, we need to find where the gradient of f and the gradient of h are
aligned.

» We seek the best x such that the constraint h(x)=0 is satisfied and the
gradients are aligned Vf(x) = AVh(x) for some Lagrange multiplier A. We
need the scalar A because the magnitudes of the gradients may not be the same.

* We can formulate the Lagrangian, which is a function of the design variables
and the multiplier

L(x,A) = f(x) — Ah(x)
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Lagrange Multipliers

minimize f(x)
X

subjectto h(x) =0

1. Form Lagrangian equation

L(x,A) = f(x) — Ah(x)

2. Set gradient of Lagrangian with respect to x to zero to get
Vf(x) = AVh(x)

3. Use constraint equation/(x) = 0, solve for x and A



Consider the minimization problem:

* Example demonstrates
this approach.

X

minimize —exp (— (x-lxg — %)2 — (x2 — %}2)

subject to xy—x5=0

We can use the method of Lagrange multipliers to solve the problem in
example 10.3. We form the Lagrangian

Lixy,x2,A) = _E?‘F'(— (:-:1:-:1 — %)1 — (1’1 — %) I) — A(xy —x3)

and compute the gradient
al 3
E = lfl_f'[x} (i - IIIE) —A
;'Ti = 1&:1+f|[1}(—ﬁ1 (r1x2 — %} —2(x2 — %})
a .l 5
— =X3—X
a r

Setting these derivatives to zero and solving yields xq == 1.358, x2 == 1.185,
and A = 0.170.
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Inequality Constraints

* Consider a problem with a single inequality constraint:

minimize f(x)
X

subjectto g(x) <0
* We know that if the solution lies at the constraint
boundary, then the Lagrange condition holds for
some constant p.

Vf—uVg=0
Flgure 10.5. An active Inequality

e When this occurs, the constraint is considered active, constraint. The corresponding con-
and the gradient of the objective function is limited
exactly as it was with equality constraints. Figure shows
an example.
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Inequality Constraints

e If the solution to the problem does not lie at the
constraint boundary, then the constraint is considered

inactive.
* Solutions of f will simply lie where the gradient of fis |

zero, as with unconstrained optimization. | L'
Q V;

* In this case, equation will hold by setting u to zero.

* Figure shows an example. —

Flgure 10.6. An inactive meguality
constraint
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Inequality Constraints

* This can be formulated so that the Lagrangian evaluates to infinity
outside the feasible set if

L(x,u) = f(x) + pg(x)
then

f co-step — ma);gléllze £(x’ Ju)

* The new optimization problem becomes

minimize maximize £(x, i)
X u=0

* This reformulation is known as the primal problem.
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Inequality Constraints

Any primal solution must satisfy the KKT conditions

1. Feasibility: g(x*) < 0
hix'] — 0
2. Dual Feasibility: Penalization is toward feasibility
u=>0
3. Complementary Slackness: Either p. or g.(x*) is zero
Heog 40

4. Stationarity: Objective function tangent to each active constraint

V() — D piVgi(x) — LA V(x) = 0
! ]
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Duality

* The method of Lagrange multipliers can be generalized to define
generalized Lagrangian

LixA) = F(x) + Y pigi(x) + L Ajhi(x)
i j

» As previously mentioned, the primal form is

minimize maximize £(x, u, A)
X u=0,A

* Reversing the order of operations leads to the dual form

maximize minimize £(x, u, A)
u=0,A X
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Duality

* The min-max inequality states that for any function f(a,b)

maximize minignize f(a,b) < minibmize maximize f(a,b)
s | a

* Therefore, the solution to the dual problem is a lower bound to the
primal solution

* The dual problem can be used to define the dual function

D(u > 0,A) = minimize L(x, 1, A)
X

23



Duality

* By the max-min inequality, the dual solution is a lower bound to the
primal solution

* The difference between dual and primal solutions d” and p’ is called
the duality gap

* Showing zero-duality gap is a “certificate” of optimality

24



Duality

The generalized Lagrangian is £(x, u) = sin(x) + u(x? — 3), making the
primal problem:

minimize maximize sin(x) + u(x* — 3)

x =0
and the dual problem:
maximize minimize sin(x) + p(x? — 3)
p=0 -

15 F T T T

—F=ﬂ.1
—u=02
—u=03
—F=ﬂ.4
—— u =05
—F=ﬂ.l5-
g =07
p=08
p=0%
F=|.|]

10 -

The objective function is plotted in black, with the feasible region traced
over in blue. The minimum is at x* = —1.5 with p* == —0.997. The purple
lines are the Lagrangian C(x, u) for p = 0.1,02, .. ., 1, each of which has a
minimum lower than p*.
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Consider the problem: e S L P o IO

e P o e e ey

minimize x1 -+ x4+ x1x2
=

subject to r¥+x§ =1

The Lagrangian is E{I‘_I_.-'Il.--ﬂ-} =x1 +x2 + x7X5 +A{I% —I—I% — 1}.

D U a l i ty We apply the method of Lagrange multipliers:

EE =1+12+2A.I1 =']

dxq

—EE =14x1+2Ax2 =0
dxa

oL

ﬁ =I'¥+I% —1 =']

Solving yvields four potential solutions, and thus four critical points:

X x2 A
—1 0 1/2
0 — 1/2
R W
v v (e

The dual function has the form
TA) = minimize x; + 3 + X% + A{x3 + x5 — 1)

Iy.Xz

We can substitute in x7 = x2 = x and set the derivative with respect to x
to zero to obtain x = —1 — A. Making the substitution yields

TA)=—-1—32— A%

The dual problem maximize, T'A) is maximized atA = {—1 —ﬂ}fl 26
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Penalty Methods

* Penalty methods are a way of reformulating a constrained
optimization problem as an unconstrained problem by penalizing the
objective function value when constraints are violated

* Simple example

minimize f(X) + 0 - Pcount(X)

X

Pcount(x) = Z(S:(X) ~ U Z(h](x) # 0
J

i

minimize fi(x
X

)
subjectto g(x) <0
h(x) =0

27



Penalty Methods

e Count penalty: -

flx)
Peount (X) =} (gi(x) > 0) +}(h;(x) #0) £(x) + pPeount (%)
: j
* Quadratic penalty: ; : %,
f(x)

f(JC) + PPquadratic (x)

pquadratic(x) — Zmax(gi(x),O)z o Zhj(x)z
i j

* Mixed Penalty:

a b

Pmixed (X) = P1Pcount (X) + 2 Pquadratic (x)

f(x)
f(x) + Pmixed (¥)

28



Penalty Methods

Consider the problem

minimize x
¥
subjectto x =5
using a quadratic penalty function.
The unconstrained objective function is

f(x) =x + pmax(5 — x,0)2

The minimum of the unconstrained objective function is

While the minimum of the constrained optimization problem is clearly x =
5, the minimum of the penalized optimization problem merely approaches
x = 5, requiring an infinite penalty to achieve feasibility.

29
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Augmented Lagrange Method

® The augmented Lagrange method is an adaptation of the penalty method
specifically for equality constraints. Unlike the penalty method,where p
must sometimes approach infinity before a feasible solution is found, the
augmented Lagrange method will work with smaller values of p. It uses
both a quadratic and a linear penalty for each constraint

PLagrange 2 IO Z Z A h

* A converges towards the Lagrange mu1t1p11er

A(kJrl) o A(k) _ ph(x)



Interior Point Methods

* Also called barrier methods, interior point methods ensure that each
step is feasible

* This allows premature termination to return a nearly optimal, feasible
point

» Barrier functions are implemented similar to penalties but must meet
the following conditions

1. Continuous
2. Non-negative
3. Approach infinity as x approaches any constraint boundary
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Interlor Point Methods

o Inverse Barrier: barrier (X) = ZI: gz( )

* Log Barrier:  Prarrier(X) = —

org otherwise

log(—g¢;(x)) if gj(x) > —1
Z{ g(—gi(x)) ifgi(x) >

* New optimization problem

. . . 1
minimize f(X) + = Pparrier (X)

> P

flx
flx
-
-

)
)
)
)

_|_
_|_
_|_

K
1
2

i

1

barrier (x )
Pbarrier (x )
0 Pbarrier (x )
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Summary

Constraints are requirements on the design points that a solution
must satisfy

Some constraints can be transformed or substituted into the
problem to result in an unconstrained optimization problem

Analytical methods using Lagrange multipliers yield the
generalized Lagrangian and the necessary conditions for
optimality under constraints

A constrained optimization problem has a dual problem
formulation that is easier to solve and whose solution is a lower
bound of the solution to the original problem
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Summary

* Penalty methods penalize infeasible solutions and often provide
gradient information to the optimizer to guide infeasible points
toward feasibility

* Interior point methods maintain feasibility but use barrier
functions to avoid leaving the feasible set
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